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Compressive Behavior of Multiply Delaminated Composite
Laminates Part 1: Experiment and Analytical Development

Hiroshi Suemasu,¤ Tatsuya Kumagai,† and Katsuhisa Gozu‡

Sophia University, Tokyo 102, Japan

The basic mechanics and mechanism concerning compressive stability of composite laminates with multiple
circular delaminations is studied analyticallyand experimentally. An experimental program, employing two types
of quasi-isotropic laminates with a conventional and toughened epoxy resin, is used to evaluate the validity of the
mechanistic model and further demonstrate the accuracy of � nite element analysis conducted in the associated
paper. Embedded delaminations are introduced at regular intervals in the thickness direction. The loading edges
are � xed, and the side edges are simply supported. Although the buckling load does not depend on the matrix
resin toughness, the strength is affected by the toughness. In the analysis, a buckling equation is derived using
the Rayleigh–Ritz method, based on classical plate theory and solved as an eigenvalue problem. This method is
chosen due to its ef� ciency. As the buckling mode of the lowest buckling load becomes physically admissible due
to the assumptions of equally spaced delaminations and the classical plate theory, the contact problem does not
need to be considered, that is, all of the delaminated portions deform by the same amount and do not overlap one
another even without any constraints. The buckling loads analytically obtained agree well with experimental and
� nite element results described in the associated paper. The effects of size and number of circular delaminations
on the buckling and failure load are also discussed in detail.

I. Introduction

S IGNIFICANT loss of compressive strength for composite lam-
inates subjected to low-velocity impact of a foreign object,

known as compression after impact (CAI), is an important issue
in the design of composite structures, as the decreased compressive
strength often becomes of critical concern.

Delamination beneath the impact point is thought to be the main
reason for signi� cant reductions in compressive strength for dam-
aged plates, and the effect of a delamination or delaminations on
buckling and postbuckling properties of composite plates has been
studied analytically and experimentally by many researchers. In
particular,one-dimensional-beam-type models of delaminated lam-
inates have been investigatedby many workers due to the simplicity
of the modeling, e.g., Refs. 1–6. Although these studies have shown
the possibilityof signi� cant decreases in compressivebuckling and
postbucklingproperties,themodelcannotexplainthe realCAI prob-
lem well, and so research on two-dimensional-plate-type modeling
is thought necessary.Analytical and numericalwork on the effect of
delamination on compressive behavior for two-dimensional plates
has been limited to special cases. For example, Chai and Babcock7

and Yin and Jane8 analytically studied compressive buckling be-
havior for surface elliptical delamination using the Rayleigh–Ritz
method, whereas Whitcomb and Shivakumar9 studied a similar
problem numerically by the � nite element method. Shahwan and
Waas10 considered the contact problem when the postbuckling be-
havior of surface delamination was investigated.Suemasu11 – 13 and
Suemasu et al.14 also studied the buckling and postbuckling re-
sponse of square plates with a through-width delamination using
the Rayleigh–Ritz method and showed that coupling of the lo-
cal and global deformation played a critical role in buckling and
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postbuckling behavior. Klug et al.15 recently investigated the post-
buckling response of a plate with an elliptical delamination using a
� nite elementmethodanddiscussedthe stabilityof thedelamination
crack using an energy release rate distribution.

Impact tests, e.g., Refs. 16–19, have shown that multiple delam-
inations, which are relatively small in size compared to the plate,
were producedat the impact point in CF/epoxy plates,with the com-
pressive strength being reduced to approximately one-third that of
the virgin plates. The reduction in compressive strength following
impact was attributed mainly to the existence of multiple delami-
nations. Thus, the effect of multiple delaminations on compressive
behavior for composite plates should be further investigated.

Suemasu20 previously has analytically studied the effect of mul-
tiple delaminations on the buckling behavior of rectangular plates.
The present work is concerned with the multiple circular delami-
nations on compressive buckling and failure loads, which are stud-
ied experimentally in combination with an analysis based on the
Rayleigh–Ritz method. Validity of the present analysis was also es-
tablished through comparison with � nite element results obtained
in a companion paper.21

II. Experiment
A. Specimen and Test Setup

Plain-woven, fabric-reinforced, composite quasi-isotropic lami-
nates (Toray T400 carbon/epoxy, 12 plies, V f ¼ 50%, [0; 90=§45=
0; 90=§45=0; 90=§45 deg]s ), which included � ve equally spaced
circular delaminations, were prepared for the experiment. Speci-
mens were prepared using either toughened (A specimens) or con-
ventional (B specimens) epoxy resin. Elastic constants for both
types of specimens were found to be almost equal, i.e., EL D ET D
41.9 GPa and ºL T D 0:31 (A specimens) and EL D ET D 41:8 GPa
and ºLT D 0:32 (B specimens), where L and T denote the loading
and transverse directions, respectively. Delaminations were intro-
duced into the specimensthroughplacementof two thin (¼0.03 mm
thick) Te� on® sheets with delamination size and plate thickness as
shown in Table 1. Specimen thickness was chosen to be approxi-
mately 2.5 mm following considerationof the test apparatus capac-
ity. The specimens (see Fig. 1) were cut from 300 £ 300 mm plates
for delaminations to be located at the specimen center. The test re-
gion was set to be 150 £ 100 mm with the plates clamped at their
ends (20-mm width) using steel blocks and then supported 3 mm
from both sides by the use of two round edges (Fig. 2) in accordance
with a widely used standard experimental technique for measuring
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Table 1 Dimensions of tested specimens

Specimen Prepreg Delamination Plate
number name diameter 2c, mm thickness h, mm

A0 —— 2.51
A10 F373-30K 10 2.48
A20 20 2.50
A30 30 2.51
B0 —— 2.63
B10 F373-06M 10 2.63
B20 20 2.64
B30 30 2.65

Fig. 1 Schematic of the specimen; all values are given in millimeters.

Fig. 2 Schematic of test � xture.

the CAI strength of laminated plates.22 Solid lubricant (MoS2) was
used along the supported line of the specimen to minimize the fric-
tion, whereas a slight gap was necessary between the knife edges
and specimen to avoid any large compressive force due to the Pois-
son effect under loading. This latter procedure was thought to be
the main reason for considerable initial imperfection and/or mis-
alignment in the present experiment. Testing of the specimen was
undertakenusing a cross-headspeed of 0.1 mm/min (Shimadzu Au-
tograph 10TB). Transverse de� ections were measured with special
attention at the center of both front and back specimen surfaces us-
ing noncontact displacement meters (Emic NPA-100) because the
delaminated portions were thin and, thus, sensitive to any lateral
forces. The bars connecting the steel round plates with the speci-
men were supported by ball bearings to minimize the friction due
to the horizontalmovement. The test data were stored in a personal
computer for further analysis. The experimental setup is shown in
Fig. 3.

Fig. 3 Photograph of the test setup.

Fig. 4 Compressive load vs center de� ection for the specimens.

B. Experimental Results
The relationship between load and center de� ections is plotted

in Fig. 4. The specimen with no delamination buckled to symmet-
ric shape at approximately 32 kN, showed snap-through behavior
from symmetric to antisymmetric at 40 kN, and failed at 62 kN.
The buckling load for this specimen was about 10% lower than the
theoretical value. Differences between the measured de� ections at
the front and back surfaces were attributed to the accuracy limit
of the displacement meter used and possibly the inclination of the
measured points of the plate. Only one of the four undelaminated
specimens showed snap-through secondary buckling, whereas the
others gradually changed their deformed shape from symmetric to
antisymmetric.Because the initial imperfectiondetermineswhether
snap-throughsecondarybuckling occurs, it may be said that the ini-
tial imperfectionsof the plate were not particularlysmall. However,
thisbehavioris not critical to the failureprocess.Not all delaminated
specimensthat buckledat lower loads,comparedto the platewithout
delaminations, showed unstable snap-through secondary buckling,
but instead they graduallychanged their deformed shape from sym-
metric to antisymmetric.The center de� ection of the specimen with
2c D 20 mm grew slightly before it decreased due to an increase



SUEMASU, KUMAGAI, AND GOZU 1281

Fig. 5 Compressive load vs end shortening for the specimens.

in the antisymmetric component. The degree of center de� ection
differed signi� cantly between specimens, as might be expected,be-
cause the compressivebehavior around the bucklingpoint is known
to be sensitive to the initial imperfections and misalignment. The
delaminations were believed to open slightly on the antisymmetric
postbucklingpath.All of the specimenswith an antisymmetricshape
failed at a load twice as high as the buckling load of the virgin plate.

The relationshipbetween the load and loadingedgedisplacement
is presented in Fig. 5. Following buckling, the apparent stiffness of
the specimen without delamination was reduced by approximately
30% in the symmetric-dominantdeformationregion and 60% in the
antisymmetric-dominantportion. The curve for 2c D 10 mm is not
plotted in Fig. 5 as it was almost identical to that of 2c D 0. The
stiffness reduction was only slight for the plate with 2c D 30 mm
just followingthe buckling,which occurredat approximately13 kN.
This is becauseonly the delaminatedportionwas unstable,whereas
the remainder of the plate still possessed signi� cant load-carrying
capacity.

Photographsof failed specimensare shown in Figs. 6 and 7, with
all cases indicating unstable fracture to have occurred. Specimens
without a delaminationand thosewith small delaminations,i.e., A0,
A10, A20, B0, and B10, failedat a positionapproximatelyone-third
of the plate length from the � xed edge, probably due to the bending
stress. In the case of specimens with large delaminations, i.e., A30,
B20, and B30, the instability of multiple delamination cracks was
thought to be the trigger for � nal failure, with delaminationshaving
spread in the transverse direction.

Buckling and failure loads are plotted against the diameter of the
multiple delaminations in Fig. 8. The buckling loads were derived
from the relationshipbetween the measured load P and squaredde-
� ection±2. The bucklingload reductionwith respectto delamination
size was similar for both the A and B specimens. However, failure
loads for the B specimens(with conventionalepoxyresin) were sub-
stantially lower than those of the A specimens (with tougher resin)
when the delaminationsize was large. For example, the failure load
for A specimens decreased only 10% for the case of 2c D 30 mm,
whereas the reduction was approximately 30% for the respective B
specimens. It was concluded that the buckling load reduction was
signi� cant when the diameter of the delaminationsexceeded a cer-
tain value, which did not depend on the interlaminar toughness of
the specimen. However, the strength of the delaminated plate was
found to depend on the interlaminar toughness.

III. Analysis
A rectangular transversely isotropic plate � xed along its loading

edges and simply supported on its side edges, as shown in Fig. 9,
is analyzed following the conditions of the preceding experiments.
The plate is assumed to be homogeneous with N ¡ 1 circular de-
laminations of the same radius c and center coordinates (x0; y0 ).
The delaminated area is divided into N portions of equal thickness.
The classical plate theory is used, and Kirchhoff’s hypothesis is as-
sumed even in the neighborhood of the delamination edges. Also,
stress concentrations near the crack fronts are not considered. The
undelaminatedportion is denotedby 0 and the delaminatedportions
by I D 1; 2; : : : ; N .

A-0

A-20

A-30

Fig. 6 Photographs of failed specimens with the tougher resin.

Boundary conditions about the out-of-plane displacement w at
the loading edges (x D 0 and a) and side edges (y D 0 and b) are,
respectively,

w0 D w0;x D 0; w0 D w0;yy D 0 .1/

Boundary conditions for the in-plane displacements u and v are
given by

u0.a; y/ ¡ u0.0; y/ D ¡a"0

(2)
v0.x; b/ ¡ v0.x; 0/ D ºx yb"0

where a and b are the plate length and width, respectively.The value
of a"0 in Eq. (2) is a prescribedend shortening,whereas values with
subscript0 are the undelaminatedregion. The parameter "0 is an av-
erage strainin the x directionwhen theplate does not de� ect, and the
inplaneshear stress¿x y is assumed to be zero at all of the boundaries.
Subscripts following the commas in Eq. (1) denote differentiation
with respect to those subscripts. Using Kirchhoff’s hypothesis, the
continuity conditions about the displacements between the I th de-
laminated portion and the undelaminatedportion along the circular
delamination edge [.x ¡ x0/

2 C .y ¡ y0/2 D c2] may be simply
expressed as

w0 D wI ; w0;n D w I;n (3)

u I D u0 ¡ z I w;x ; vI D v0 ¡ z I w;y (4)
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B-0

B-20

B-30

Fig. 7 Photographs of failed specimens with conventional resin.

Fig. 8 Effect of delamination diameter on buckling and failure loads
for the A and B specimens.

Fig. 9 Analytical model of the specimen.

where the subscript n following the comma denotes differentia-
tion with respect to a coordinate of the outer normal direction
of the delamination boundary. Values followed by a subscript
I .I D 1; 2; : : : ; N ) relate to the I th delaminated portion. In the
present analysis, only the case of multiple delaminations located at
the plate center is considered, that is, x0 D a=2 and y0 D b=2. Be-
cause no load is initially applied to the plate, the potential energy 5
is equal to the total strain energy and is expressed as

5 D
1

2

N

I D 0 S I

[f"gT [A]f"g C f·gT [D]f·g] dx dy .5/

where the matrices [A] and [D] are in-plane stiffness and bend-
ing stiffness, respectively, for each portion I . As the Rayleigh–Ritz
method is applied, kinematically admissible displacement � elds
shouldbe de� ned.This may beeasilyrealizedby superposingglobal
mode functions, which satisfy the boundary conditions of Eqs. (1)
and (2), and local mode functions,which satisfy conditions similar
to � xed boundary conditions, that is, displacements u, v, and w in
the x , y, and z directionsand the slope w;n at the delaminationedges
are all zero:

w0 D hWmÁm.»; ´/
(6)

wI D h Wm Ám.»; ´/ C W .I /
m

NÁm.»; ´/

u0 D ¡"0x C .h2=a/Um Ãm .»; ´/

u I D ¡"0x C.h2=a/ Um Ãm.»; ´/CU .I /
m

NÃm .»; ´/¡s I Wm gm.»; ´/

(7)
v0 D º"0 y C .h2=b/Vm ’m.»; ´/

vI D º"0 y C .h2=b/ Vm’m .»; ´/ C V .I /
m N’m.»; ´/ ¡ sI Wm hm.»; ´/

where Wm , W .I /
m , Um , U .I /

m , Vm , and V .I /
m are generalized coordi-

nates to be obtained. The generalized coordinates with superscript
(I ) are the I th delaminated portions, whereas functions following
the generalizedcoordinatesÁm .»; ´/, NÁm.»; ´/, Ãm .»; ´/, NÃm.»; ´/,
’m .»; ´/, and N’m .»; ´/ are the corresponding mode functions. The
functions denoted by a bar are the local mode functions, which are
zero outside the delaminated portion. The terms sI Wm gm .»; ´/ and
sI Wm hm.»; ´/ are introduced for in-plane displacement to satisfy
continuity conditions along the delamination edges when out-of-
plane displacement occurs. The parameter sI .D z I =h/ is the nor-
malized positionof each delaminatedportion,h is a plate thickness,
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and » .Dx=a/ and ´ .Dy=b/ are normalizedcoordinates.A summa-
tion conventionrule is adoptedfor convenience.The mode functions
are

Ám.»; ´/ D [cos¼.km ¡ 1/» ¡ cos¼.km C 1/» ] sin ¼ lm´

Ãm .»; ´/ D sin ¼km» cos ¼lm ´

’m.»; ´/ D cos ¼km » sin ¼lm ´
(8)

NÁm .»; ´/ D [e.»; ´/]2 Pkm [.» ¡ »0/=¯]Plm [.´ ¡ ´0/=¯]

NÃm .»; ´/ D e.»; ´/Pkm [.» ¡ »0/=¯]Plm [.´ ¡ ´0/=¯]

N’m.»; ´/ D e.»; ´/Pkm [.» ¡ »0/=¯]Plm [.´ ¡ ´0/=¯]

where »0 .Dx0=a/ and ´0 .Dy0=b/ and

gm .»; ´/ D Ám;» .»L ; ´/
» ¡ »L

»U ¡ »L
C Ám ;» .»U ; ´/

»U ¡ »

»U ¡ »L

hm .»; ´/ D Ám ;n.»; ´L /
´ ¡ ´L

´U ¡ ´L
C Ám ;´.»; ´U /

´U ¡ ´

´U ¡ ´L

and where

Pk .¿/ D cos[.k¼=2/.¿ C 1/]

e.»; ´/

D
1 ¡ .1=¯2/ .» ¡ »0/2 C .´ ¡ ´0/

2 in the delaminated area
outside the delaminated

0 area

»U

»L

D »0 § ¯2 ¡ .´ ¡ ´0/2

´U

´L

D ´0 § ¯2 ¡ .» ¡ »0/2

with ¯ D c=b the normalized delamination radius. The implicit
numbers km and lm are chosen appropriately depending on the
type of buckling load to be analyzed. For example, .k1; l1/ D .1; 1/,
.k2; l2/ D .1; 3/; .k3; l3/ D .3; 1/; : : : ; shouldbe selectedfor thecase
when symmetric buckling load is requested. As the local mode
functions are multiplied by e.»; ´/ or [e.»; ´/]2 , they satisfy the
conditions for local mode functions. Thus, the function Pk has no
necessary condition and is satisfactory only if the functions are in-
dependentof each other.By substitutingEqs. (6) and (7) into strain–

displacement relationships, curvatures and in-plane strains can be
expressed with respect to the generalized coordinates as

· .I /
x x D ¡w;x x D ¡.h=a2/ Wm Ám ;»» C W . I /

m
NÁm;»»

· .I /
yy D ¡w;yy D ¡.h=b2/ WmÁm;´´ C W .I /

m
NÁm ;´´ (9)

· .I /
x y D ¡w;xy D ¡.h=ab/ Wm Ám ;»´ C W .I /

m
NÁm;»´

"
.I /

x0 D u I;x C 1
2
w2

I;x D .h=a/2 ¡¸.a=b/2 C UmÃm;» C U .I /
m

NÃm;»

C k I Wm gm ;» C 1
2

Wm WnÁm;» Án;» C 2Wm W .I /
n Ám;»

NÁn;»

C W .I /
m W .I /

n
NÁm ;»

NÁn;»

"
.I /

y0 D vI ;y C 1
2 w2

I ;y D .h=b/2 º¸ C Vm’m ;´ C V .I /
m N’m;´

C k I Wm hm;´ C 1
2

Wm WnÁm ;´Án;´ C 2Wm W .I /
n Ám;´

NÁn;´ (10)

C W .I /
m W .I /

n
NÁm ;´

NÁn;´

°
.I /

x y0 D u I;y C vI ;x C wI;x wI;y

D .h2=ab/ UmÃm ;´ C Vm ’m;» C U I
m

NÃm ;´ C V .I /
m

NÃm ;»

C k I Wm gm ;´ C hm ;» C Wm WnÁm;» Án;´ C Wm W .I /
n Ám;»

NÁn;´

C W .I /
m Wn

NÁm ;» Án;´ C W .I /
m W .I /

n
NÁm ;»

NÁn;»

a) b) c) d)

Fig. 10 Schematic of possible buckling modes.

where ¸ is the nondimensional end shortening and

¸ D .b=h/2"0

Substituting Eqs. (9) and (10) into the potential energy function
5 and neglecting higher-order terms, a quadratic expression was
obtained for total strain energy with respect to the generalized
coordinates:

5 D Ai j qi q j C Bi j ti t j C Ci j qi t j C ¸Di j qi q j .11/

where the qi represent the generalized coordinates Wm and W . I /
m

and the ti represent the generalized coordinates Um; U .I /
m ; Vm; and

W .I /
m , respectively.The global in-plane generalized coordinatesUm

and Vm need not be considered because they do not couple with the
out-of-planegeneralized coordinates qi when only buckling analy-
sis is performed. After differentiating the total potential energy 5
by qi and conducting some manipulations, a standard eigenvalue
equation may be obtained, that is,

Ai j C B¡1
kl Cki Cl j C ¸Di j q j D 0 .12/

All delaminatedportionsdeformto the same shape,and no delam-
ination opens or overlaps in both the symmetric and antisymmetric
buckling modes of the lowest buckling load. When only the lowest
buckling load is requested, the delamination opening and contact
problem need not be considered. For this case, all of the gener-
alized coordinates relating to the local transverse de� ection W . I /

m
coincide. The in-plane displacements U .I / and V .I / in the delami-
nated portions caused by transverse de� ection due to buckling are
proportionalto z I because the in-planedisplacementswithin the de-
laminated area are related only to the in-plane displacementsalong
the delamination edges caused by the rotations w;x and w;y . Thus,
we can impose the following simpli� ed relations on Eqs. (6) and
(7) and substantially reduce numerical effort without any increase
in the fundamental buckling load:

U .I /
m D sI

NUm ; V .I /
m D sI

NVm; W .I /
m D NWm

.I D 1; 2; : : : ; N / (13)

where NUm; NVm; and NWm are common local coordinates to all of the
delaminated portions.

The other buckling deformations shown schematically in
Figs. 10b–10d may be realized, dependingon initial imperfections,
when the buckling load is slightlyhigher than for the lowest case for
the bucklingmode in Fig. 10a for large N , on the conditionthat plate
theory is used. The buckling load obtained based on the condition
of Eq. (13) is still useful to estimate the load at which the transverse
de� ection becomes notable becauseof its simplicity and becauseno
contact condition must be considered.

IV. Results and Discussion
Because deformations observed in the experiment were not only

symmetric but also antisymmetricabout the line x D a=2, both sym-
metric and antisymmetric buckling behaviors were studied. The
mode functions Á2k ¡ 1;2l ¡ 1 and NÁ2k ¡ 1;2l ¡ 1 were used for the
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Fig. 11 Comparison of nondimensional buckling loads obtained from
experiment and analysis.

symmetric buckling analysis, whereas Á2k;2l ¡ 1 and NÁ2k;2l ¡ 1 were
adopted for the antisymmetric buckling analysis. Convergence of
the buckling load with respect to the number of mode functions
was quite smooth,20 with 16 local mode functions .k · 4; l · 4/
being suf� cient for use in both symmetric and antisymmetric buck-
ling analysis. For symmetric and antisymmetric buckling analy-
sis, 64 .k · 8; l · 8/ and 100 .k · 10; l · 10/ global mode functions
were used, respectively. Both symmetric and antisymmetric buck-
ling modes (of the lowest buckling loads) are physically admissible
because of the equal-space assumption of multiple delaminations,
as explained in the preceding section, and the contact problem need
not be considered. The buckling analysis hereafter is based on the
assumption of Eq. (13). If a very accurate value of the buckling
load is not necessary, then many of the functionsused in the present
analysis are not required.

A nondimensional buckling load Scr fD Pcr=[Ebh.h=b/2]g is in-
troduced to compare the experimental results with the analytical
ones. When the present in-plane boundary condition is studied, this
nondimensional buckling load coincides with the normalized end
shortening¸cr introducedin the analysis. Nondimensionalbuckling
loads obtained from the experiment and from the present analy-
sis are plotted in Fig. 11 with those from nonlinear � nite element
analysis.21 The buckling load can be derived from the postbuck-
ling path of the squared de� ection and applied load, which tends
to be straight in the case of plate buckling under compression. The
accuracyof the bucklingload obtainedfrom the presentanalysisde-
pended on the delamination size, that is, buckling modes observed.
The buckling load for undelaminatedplate from the present analy-
sis (a typical global dominant-mode buckling) was approximately
3% higher than that from the � nite element analysis. When the de-
lamination diameter was large and 0.4 times plate width (a typical
local dominant-modebuckling), the differencewas very small (only
0.9%). When the diameter was 0.2 times the plate width (strong
coupled global– local mode buckling), the error of the present anal-
ysis became slightly higher (approximately5.3%) and the accuracy
was slightly poorer. Considering its simplicity and ef� ciency, the
present analysis has some merit. Buckling loads for undelaminated
plates obtained from experiments were approximately 10% lower
compared to the present analysis, and the case of 2c D 30 mm was
considerably lower than that obtained from the analysis. Differ-
ences between results for the undelaminated plates were mainly
attributed to the incomplete � xed condition.The low buckling load
for the delaminatedplate was caused by thinner delaminated layers
than expected because total thickness of the inserted Te� on sheets
(10 £ 0:03 mm) was more than 10% of the plate thickness, and the
delaminated layers seemed to be compressed during fabrication. In
the analysis, the symmetricbuckling load was always slightly lower
compared to the antisymmetric case and was different from the
buckling problem of beam plates with multiple delaminations.8 In
the experimentshown in Fig. 4, the centerde� ectionof the front and
back surfaces of the delaminated plate � rst grew in the same direc-
tion and then started to decrease.Experimental results that the plate
became unstable in the symmetric mode with closed delaminations
agree well with the analysis.

Fig. 12 Comparison of symmetric and antisymmetric buckling loads
for global and local modes when N = 4 and 8.

Fig. 13 Nondimensional buckling load vs normalized delamination
diameter.

Local buckling and (global) buckling loads are plotted in Fig. 12
for N D 4 and 8. The local buckling load was obtained through the
use of only local-mode functions.The effect of global deformation
on the bucklingload,whichwas fairly signi� cantwhen N was small,
became unimportantwhen N was large, and the local buckling load
was found to be a rough estimate of the reduced buckling load.
The local buckling load, which may be easily obtained from the
circular plate buckling strain of the delamination size with a � xed
boundary, can be used as an approximate estimate of the buckling
load for multiply delaminated compositeplates due to impact when
the number of delaminations is large. This is an important point
because the CAI strength for composite laminates subjected to an
impact load is signi� cantly reduced compared to the virgin plate
and can be roughly estimated from local damage data, such as the
size and number of delaminations, without the global plate data,
such as the plate size and boundary conditions.However, in reality,
the true strength is slightly higher than the buckling load and must
be determined precisely by checking whether the energy release
rate exceeds the interlaminar toughness of the laminate, or else the
maximum stress reaches the laminate strength.

Nondimensionalbucklingload is plottedagainst thedelamination
diameter in Fig. 13. The buckling load is signi� cantly reducedwhen
the delaminationsize exceeds a certain value, which dependson the
number of delaminations.The reduction becomes more signi� cant
when the number of delaminations N is large. For example, when
N D 2, the antisymmetricbuckling load is smaller than the symmet-
ric load when 0:2 < ¯ < 0:4, whereas the symmetric buckling load
is always smaller compared to the antisymmetric case when N ¸ 4.
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Fig. 14 Nondimensional buckling load vs total delamination area.

Fig. 15 Nondimensional buckling load vs product of the number of
delaminations and delamination radius N £ £ ¯.

The buckling load is plotted against the total area of delamina-
tion in Fig. 14. When the total area of delaminations is constant,
buckling load reduction is more signi� cant as the number of delam-
inations increases.Because the total delamination area is known to
be approximatelyproportionalto the impact energy, a laminate with
more interlaminar surfaces would have a greater reduction in com-
pressivestrength.The buckling load is also plotted against N £ ¯ in
Fig. 15. The parameter N £ ¯ can be said to be a governing factor
for the buckling load of multiply delaminatedplates over which the
bucklingload starts to reduce,beingapproximately0.7 when N ¸ 4.

V. Conclusions
Results for the present Rayleigh–Ritz analysis agree well with

experimental data. From the present experimental and analytical
study, the following conclusions may be stated.

1) The compressive strength of a composite plate with multiple
delaminations, whose failure is initiated by delamination propaga-
tion in the transverse direction, may be signi� cantly improved by
the use of a tough resin.

2) Plates with multiple delaminations buckle in a symmetric
shape. However, their shape graduallychangeswith increasingload
from symmetric to antisymmetric.

3) The buckling load of a plate decreases with increasing num-
ber of multiple delaminations for a given total delamination area.
The buckling load is governed not by the total delamination area
but by the product of the number of delaminated portions and the
delamination radius (N £ ¯ ).

4) Local buckling strain of the circular � xed plate may be used
as a � rst approximation to the buckling load of delaminated plates
due to impact as the number of delaminations is usually large.
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